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Abstract

In this work, we explore the Temperley-Lieb algebra and related categories. This paper has three

main contributions. (1) First, it introduces the concept of crossingless matchings and provides a little-

known proof that for any n 2 N, the number of distinct crossingless matchings of 2n points is precisely

the nth
Catalan number. (2) Second, it defines the Temperley-Lieb algebra as it relates to generators

and relations and knot invariants, and describes both linear and set-theoretic versions of the Temperley-

Lieb category. (3) We then define an extended category TLn,M,! = CM,!, wherein closed loops are

evaluated according to a commutative monoid M and a fixed map of sets ! : M ! M . Our main

contribution is an e�cient algorithm for planar diagram multiplication which allows us to propose limiting

distributions DM,! for the probability distribution Dn
M,! on the set of evaluation results {t 2 M :

x̄1 · x2 !! t for some x1, x2 2 TLn} as n ! 1. After running simulations for various pairs (M,!), we
conjecture that DM,! ! Uniform(S) for some subgroup S ⇢ M .
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1 Crossingless matchings & Temperley-Lieb diagrams

1.1 Temperley-Lieb diagrams

Consider a graph with two rows of n vertices, and assign edges such that each edge connects a dot to exactly
one other dot. Moreover, we impose the restriction that the edges, or “arcs,” must not cross each other.
TLn, or the monoid of “Temperley-Lieb diagrams” is precisely the collection of all possible crossingless as-
signments of edges between the 2n vertices of this graph.
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To familiarize ourselves with TLn, we begin by noting several properties of crossingless matchings on
2n points. First, we define multiplication of any two elements a, b 2 TLn (presented in the two-row rep-
resentation) by simply placing diagram a vertically above the diagram corresponding to b, and simplifying
by following the connected arcs and edges from the top row of the top diagram to the bottom row of the
bottom-most diagram to obtain another element of TLn. For instance, consider the following examples of
multiplication in TL3:

When multiplying two diagrams of TLn, we occasionally obtain a resultant diagram with loops, as seen
in the second example above. In this case, we may take several approaches to resolving these loops. For now,
we will simplify the diagram by discarding all closed loops resulting from multiplication; this will ensure that
TLn is closed under multiplication.

Observation 1. For any fixed n 2 N, we have that TLn is a monoid, i.e. a set equipped with an associative
multiplication and an identity element.

From this definition of multiplication, it is clear that multiplication of TLn elements is associative: when
we stack three diagrams a, b, c to perform multiplication, it does not make a di↵erence whether we first
stack a and b together and later adjoin c (and simplify as needed) or if we first stack b and c and adjoin
a on top afterwards– this is because we are simply following the edges of the graphs from the top row of
the top diagram to the bottom row of the bottom diagram, so di↵erent groupings of these diagrams during
multiplication will yield the same result.

Moreover, note that 8n 2 N, there is a natural identity diagram in TLn. We show this explicitly for the
small case of TL2, but for a more general n, the identity 1TLn is given by the diagram sending any vertex in
the top row to the vertex directly beneath it in the bottom row. By our definition of diagram multiplication,
it’s clear that by stacking this identity above or below any element D 2 TLn and following the connections
from the top row of the top diagram to the bottom row of the bottom diagram, the structure of the resulting
simplified diagram must remain as D.
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However, multiplication of elements is not necessarily commutative, as seen through the following exam-
ple:

Additionally, we may ask whether every element a 2 TLn necessarily has an inverse a
�1 2 TLn such

that a · a�1 = a
�1 · a = 1TLn . – not true, not each element has an inverse.

Remark 2. We can similarly define multiplication for diagrams given in the one-line representation.

In particular, to multiply two elements a, b 2 TLn provided in the one-line representation, we compute
ā · b, where ā represents the reflection of diagram a about the horizontal axis.

1.2 Counting crossingless matchings with 2n endpoints

Naturally, we may first hope to determine the number of possible crossingless matchings for a fixed n 2 N.
First, it’s important to observe that the number of TLn diagrams is necessarily finite for a fixed n, as we
are considering matchings of between a finite number of points.

Embedding a union of intervals into the portion R ⇥ [0, 1] of the plane R2 between two horizontal lines.
Fix n points on the top line R ⇥ {1} and n points on the bottom line R ⇥ {0}. The embedding must take
the boundary points of the n intervals bijectively to these n points. We consider such embeddings up to rel
boundary isotopies in R⇥ [0, 1].

In order to count the number of crossingless matchings |TLn| for a fixed n, a common approach is to
exploit the recursive structure of TLn, as shown in [3]. For our (unique) approach, we introduce equivalent
diagrammatic representations for crossingless matchings. In particular, we may convert diagrams as follows:

We now provide a proof of the following result, di↵erent from the one in [3].

Theorem 3. For a fixed n 2 N, the number of crossingless matchings |TLn| = 1
n+1

�2n
n

�
= Cn, where Cn

denotes the n
th Catalan number.

Before we start, observe that there exists a natural bijection between the set of crossingless matchings
(or TLn elements) between two rows of n dots and the set of crossingless matchings of 2n dots aligned
horizontally. This bijection is given by composing a matching of the first type with a diagram that transforms
n points at the bottom of the diagram to n points at the top.

We may also convert from crossingless matchings in the lower half-plane to crossingless matchings in a
disk by adding a point at infinity to the half-plane, making it homeomorphic to a disk. This equivalent
representation for elements of TLn will be most useful in our proof of Theorem 3. – tilt disk diagram
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With this in mind, we proceed to provide an alternate proof of the cardinality of |TLn| for any n 2 N.

Proof. First, note that we may generate a crossingless matching embedded into a disk as follows: pick a
subset S ⇢ {1, 2, ..., 2n} at random, with |S| = n. In the corresponding crossingless matching diagram on
the disk, we color vertex i red if i 2 S and color vertex i blue otherwise. Now, we may proceed to form the
crossingless matching oriented clockwise with respect to the central point (denoted by *) by drawing directed
arcs between vertices, always originating from a red vertex and arriving at a blue vertex. To do this, we
must first connect any adjacent pairs of blue and red vertices– if we don’t do this, it’s easy to see that our
matching will necessarily feature a crossing, which is forbidden. Once we have connected all adjacent blue
and red vertices, we proceed to connect all blue and red vertices which are 2 spaces apart, 4 spaces apart,...,
2n� 2 spaces apart, until we have successfully added a directed arc from any blue vertex to exactly one red
vertex in a crossingless manner. As we mentioned before, we make sure that all arcs are oriented clockwise
with respect to the center, as seen in the example below.

For any crossingless matching M with 2n endpoints embedded in a disk, observe that n + 1 regions of
the disk are induced by this matching. We will first argue that the set {S : S ⇢ {1, 2, .., 2n}, |S| = n} is in
bijection with the set of pairings (M,R), where M 2 TLn and R is the region about which directed arcs
between elements are oriented in a clockwise orientation. To better understand what this means, let’s look
at an example:

To show this bijection, we proceed as follows: pick any subset S ⇢ {1, 2, ..., 2n}, color points i 2 S in red,
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and color all remaining points i 62 S in blue. Then, add directed arcs by applying the algorithm described
above, where arcs are oriented clockwise with respect to a point in the center (as above). We notice that by
this construction, we obtain a region R which contains the fixed point p such that arcs are oriented clockwise
with respect to this R.

Alternatively, choose any crossingless matching M 2 TLn, and pick a region R of the disk induced by
this matching. Then, we may construct a directed crossingless matching (M,R) by orienting the preexisting
arcs to be clockwise with respect to R.

At this point, we have shown that there exists a bijection between the set {S : S ⇢ {1, 2, .., 2n}, |S| = n}
is in bijection with the set of pairings pairings (M,R) with M 2 TLn and R any region of the matching
induced by M in the disk. In particular, it follows that

#(crossingless matchings in TLn) · (n+ 1) =

✓
2n

n

◆

So, we have shown that

|TLn| =
1

n+ 1

✓
2n

n

◆

as desired.

2 Temperley-Lieb algebra and Temperley-Lieb monoids

At this point, having examined the properties and structure of TLn, we are ready to define the Temperley-
Lieb Algebra TLn(x) for n 2 N and x 2 C. Specifically, we view TLn(x) as the vector space whose basis
elements are diagrams in TLn, i.e.

TLn(x) = span{D 2 TLn} = {
X

↵D

↵DD|↵D 2 C}

For instance, the algebra TL2(x) represents a vector space with basis elements in TL2:

At this point, it’s important to address a key di↵erence between simplifications in TLn and in TLn(x):
recall that in TLn multiplication, we dropped any loops which resulted from the product of diagrams. In
TLn(x), we will count the number of dropped loops before removing them from the resulting vector– specif-
ically, for every component of the vector product, we multiply the component by x

l, where l denotes the
number of dropped loops when multiplying TLn diagrams for this term. In particular, simplifying the above
example, we see that
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2.1 The Temperley-Lieb Algebra via Generators and Relations

Next, we describe an alternate representation for the Temperley-Lieb algebra. For ring R and x 2 R, we
define TLn(x) as the associative R-linear algebra of dimension n 2 N with n � 1 generators denoted as
U1, ..., Un�1, where Ui is the diagram with an arcs connecting points i and i+1 in the top and bottom rows,
and all other arcs connecting points in the top row to points directly under them in the bottom row.

In fact, we can check that the following properties of generators are satisfied:

• UiUi = xUi

• UiUi+1Ui = Ui for |i� j| = 1

• UiUj = UjUi for |i� j| > 1

• xUi = Uix for x 2 R

Now, using the above multiplicative relations, we may define TLn(x) via R-linear combinations of gen-
erators and elements of R, i.e. for any D 2 TLn(x), we may write D =

P
i riUi for ri 2 R.

2.2 The Temperley-Lieb algebra and knot invariants

At this point, one may wonder how the Temperley-Lieb algebra relates to knots. In fact, we can consider
elements of TLn(x) as “tangle” diagrams with the following relation, known as the bracket polynomial :

where B = A
�1. Additionally, to represent the Temperley-Lieb algebra using tangles, we add the relation

that for any tangle K, we have K [ � = xK, where x = �A
2 �A

�2. Through these relations, we make two
observations: first, for any tangle with a crossing, we may replace it with a linear combination of two tangles
with crossings resolved. Second, we see that any unconnected loop may be removed from the diagram if we
multiply the diagram by x = �A

2 �A
�2, see [1].

Notably, these relations allow us to replicate the structure of the Temperley-Lieb algebra within the
context of knot invariants. In fact, for any generator �i of the braid group Bn, we obtain an element of
TLn(x) via the homomorphism defined as

⇢n : Bn ! TLn(x)

⇢n(�i) = A(1n) +A
�1

Ui

⇢n(�
�1
i ) = A

�1(1n) +A(Ui)

Closing a braid results in a link, and the algebraic analogue of this closure is the Jones trace on the
Temperley-Lieb algebra. The Jones trace is given by connecting the top n points of a Temperley-Lieb
diagram to the bottom n points by n disjoint arcs in the plane and then evaluating the resulting diagram
via Kau↵man’s rules. The trace of ⇢n(�), for a braid �, equals the Jones polynomial (the Kau↵man bracket)
of the link b�, which is the closure of �.
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2.3 The Temperley-Lieb category

Define a C-linear category C that extends the Temperley-Lieb algebra as follows: let objects of C be natural
numbers n 2 N and let morphisms from m to n be C-linear combinations of diagrams which connect the
top row of n vertices and the bottom row of m vertices by arcs pairwise, in a similar way as in our earlier
discussion of TLn. Isotopic rel boundary diagrams describe equal morphisms, and any circles in diagrams
evaluate to x.

To compose any two morphisms f : n ! m and g : m ! l, we identify the bottom row of m vertices of f
with the top row of m vertices of g, and simplify the paths as we did earlier when we multiplied crossingless
matchings in TLn. Observe that through this construction, we recover elements of TLn as the endomorphism
monoid End(n, n) for n 2 N.

There is also a set-theoretic version CS of the Temperley-Lieb category. It has the same objects n 2 N
as the Temperley-Lieb category, and the morphisms from n to m are planar diagrams of arcs and circles
as before, up to rel boundary isotopies. Now, however, circles are not evaluated and a diagram may be an
arbitrarily complicated configuration of nested circles in each of the regions separated in the plane strip by its
arcs. In this category no linear combinations of diagrams are formed – morphisms are individual diagrams.

3 Evaluating Planar Diagrams & Associated Categories

3.1 Evaluating planar diagrams

Let M be a commutative monoid and ! : M ! M any map on M viewed as a set. One can study planar
diagrams as encodings of elements of monoid M . Suppose D is a planar diagram consisting of finitely many
(possibly nested) circles and elements of M floating in the plane. To such a diagram, we associate an element
hDi of M inductively on the complexity of the diagram, as follows:

1. If D0 is given by a single empty circle, then hD0i = !(1), where 1 2 M is the unit element.

2. If D0 is given by a circle wrapped around diagram D and a 2 M is an element floating outside of D
but inside of D0 then hD0i = !(a)hDi.

3. If D0 is given by a circle wrapped around diagram D then hD0i = !(hDi).

4. If D0 is a union of diagrams D1, D2 floating in disjoint disks in R2 then hD0i = hD1ihD2i.
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Note that we require that M is commutative, since we do not have an ordering on diagrams D1, D2 in
case (4) when multiplying their evaluations. As a special case, given a collection C of circles embedded in
the plane, we can evaluate it to hCi 2 M . In particular, as seen in the diagram below, for a planar diagram
C1 consisting of n parallel disjoint empty circles, ! associates the value hC1i = !(1) · !(1)... · !(1) = !

n(1)
to the diagram C1. Similarly, in the second example below, diagram C2 consists of three nested circle and !

associates the value !(!(!(1))) to hC2i, thereby reflecting the circle nesting structure of the diagram through
value of the evaluation in M . The last example hC3i is evaluated in a similar manner.
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3.2 Set-theoretic Temperley-Lieb category for (M,!)

As before, let M be a commutative monoid, and ! : M ! M be a map on M . We define a category CM,!

(Temperley-Lieb category extended via (M,!)), where objects are natural numbers N = {0, 1, 2, . . . } [2].
The set of morphisms HomC(n,m) is nonempty if and only if n +m is even, and in this case, it consists of
diagrams in R2⇥ [0, 1] made of n+m

2 disjoint arcs connecting n fixed points on R2⇥ {0} to m fixed points on
R2⇥{1}. These diagrams are viewed up to isotopy. Furthermore, an element of M floats in each of n+m

2 +1
regions of the diagram (element 1 can be omitted). If M is finite, Hom(n,m) has cardinality ck|M |k+1,
where k = Cn+m

2
is the corresponding Catalan number.

Let us now give examples of morphisms in this category and then explain how to compose them (com-
position is given by concatenating diagrams and inductively simplifying the resulting diagram).

Example 4. Consider HomC(0, 0).

Since we consider diagrams connecting 0 points on the top row to 0 points in the bottom row, there is a
single region in which elements of M may float. So, any morphism f 2 HomC(0, 0) may be represented as
follows:

Notice that if n > 1 elements a1, ..., an were to float in the single region above, it follows by the construc-
tion in 3.1 that the diagram is equivalent to one with just the element a1 · a2 · ... · an floating in the region,
as in the figure above. Since M is closed under multiplication it follows that HomC(0, 0) ⇠= M .

Example 5. Examine HomC(0, 1)

Notice that for this case, we consider all possible crossingless matchings of 0 points in the top row with
1 point in the bottom row. This does not allow for any valid matchings, so HomC(0, 1) = ;.

Example 6. Consider HomC(1, 1).

Here, consider diagrams connecting 1 point in the top row with 1 point in the bottom row, allowing for
morphisms of the following form:

Observe that there is a trivial isomorphism HomC(1, 1) ⇠= M⇥M , where the diagram with a1 in one region
and a2 in another region corresponds to the element (a1, a2) 2 M ⇥M . Moreover, note that HomC(1, 1) is
closed under composition, where composition of two morphisms f and g is obtained by stacking the diagram
for f on top of the diagram for g and following corresponding arcs to simplify the result.
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Additionally, by the brief computation above, HomC(1, 1) is commutative for any commutative M . This
is not true in general, as we will see in the next example.

Example 7. Consider HomC(2, 2).

We see that in this case, HomC(2, 2) has morphisms of two distinct forms:

Generally, for any morphisms ↵ 2 Hom(n1, n2) and � 2 Hom(n2, n3), the composition �↵ 2 Hom(n1, n3)
is defined as follows. Concatenate ↵ and � to get a planar diagram of arcs, circles and elements of M .
Inductively simplify the diagram as explained in Section 3.1. This simplification allows, in particular, to
inductively remove all circles from the concatenated diagram and reduce objects floating in a region of the
concatenated diagram bounded by arcs to a single element of M . In the following example, we compose an
element of HomC(2, 4) with an element of HomC(4, 8) and obtain an element of HomC(2, 8).

Example 8. Next, we explore HomC(0, 2) and HomC(2, 0).

First, we know that morphisms in HomC(0, 2) and HomC(2, 0) take the following forms:

In this case, we see that Hom(2, 0)⇥ Hom(0, 2) ! Hom(2, 2), while Hom(0, 2)⇥ Hom(2, 0) ! Hom(0, 0),
as seen diagramatically in the next few figures.
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To see the relationship with the Temperley-Lieb category described in section 2.3, we define a functor
F : CS ! CM,! as follows: map any morphism f : n ! m of CS to a morphism fM,! : n ! m of CM,!, where
fM,! is the same as morphism f , except that any closed loops appearing in f are evaluated recursively via
(M,!).

4 Studying limiting distributions via computational methods

In this section, we discuss the experimental portion of our study and the accompanying results. From an
earlier discussion addressing multiplication in TLn, multiplying x1, x2 2 TLn for a particular n 2 N results
in some loops. These loops need to be dropped in order to ensure closure under multiplication for TLn.

However, let us instead keep all loops in the resulting diagrams, and presume that multiplication takes
place with x1 and x2 represented as crossingless matchings of 2n points aligned horizontally. For example,
consider the example in the figure below:
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Now, for a fixed pair (M,!) for any monoid M and map ! : M ! M , we recursively evaluate innermost
closed loops found in the diagram via � !! !(1). A loop that circles a product m 2 M of elements of M is
evaluated to !(m). Denote this evaluation of the closed diagram x̄1 ·x2 by ev(x1, x2). In the above example,
ev(x1, x2) = !(!(1))!(1). This gives us a map

TLn ⇥ TLn �! M, (x1, x2) 7�! ev(x1, x2) 2 M.

Assuming that x1, x2 2 TLn are distributed uniformly, we get a probability distribution on M for each
n � 1. Let Dn

M,! denote the probability distribution for the set of evaluation results {t 2 M : x̄1 · x2 !! t

for some x1, x2 2 TLn}. Now, we are ready to pose our main question:

Question 9. For a fixed finite commutative monoid M and a map ! : M ! M , is there a limiting probability
distribution DM,! such that Dn

M,! ! DM,!? In other words, for any t 2 M , what does Pn(t) converge to as
n ! 1 in this evaluation model?

Motivated by this question, we proceed to conjecture limiting distributions DM,! for various pairs (M,!)
based on evidence from computer simulations. We will describe our approach in greater detail in the following
sections.

4.1 Conjectured limiting distributions

In attempt to learn more about the limiting distribution P(t) under this evaluation model, we ran simulations
for numerous pairs (M,!). These results (as well as the precise probabilities) are listed in the appendix.
In the next few paragraphs, we will discuss our observations and provide heuristic explanations for the
conjectured limiting distributions for specific pairs (M,!). We begin by studying commutative monoids of
size 2. Note that if !(1) = 1, then all closed diagrams would be evaluated to 1. To avoid this trivial case,
we pick maps ! under the restriction that !(1) 6= 1.

Conjecture 10. Let M1 = {1, a : a2 = 1} and M2 = {1, a : a2 = a} be the two monoids of order two (one
for each isomorphism class). Consider the map ! given by !(1) = a and !(a) = 1, for each of the two

monoids. We conjecture that Dn
M1,!

! Uniform(M1) and Dn
M2,!

!
⇢

a w.p. 1
1 w.p. 0

.
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We observed the convergences stated above through repeated computer simulations. Intuitively, these
experimental results can be explained as follows. Monoid M1 is a group, which encourages good mixing
of elements in M1, so we can expect both 1 and a to appear equally often (as a · a = a

2 maps back to 1
and 1 · a = a). Similarly, for monoid M2, as n ! 1, suppose we are given a diagram x1 · x2. It has some
number (one or more) of outer circles. Each of them evaluates to either 1 or a, and x1 · x2 evaluates to the
product of these evaluations. Even a single outer circle evaluating to a will result in the product equaling
a, since a

2 = a. Experiments show that for large n probability of having few outer circles go to 0. So, it
follows that a diagram having many other circles evaluates to a with high probability. Next, we will consider
commutative monoids of size 3.

Conjecture 11. Let M = {1, a, a2 : a3 = a
2} and pick any map ! such that !(1) 6= 1. We conjecture that

P(a2) ! 1, P(a) ! 0 and P(1) ! 0.

When we ran our code this example for large n, we observed that P(a2) ! 1, while P(a) ! 0 and
P(1) ! 0. Heuristically, we can explain this behavior by the a

3 = a
2 condition of the monoid, which causes

any “overflow” a
3 to map back to a

2, thereby obtaining element a
2 more often than others. Alternatively,

we can see this as follows: it is clear that as the number of outer circles gets larger, with high probability
we will get that at least one circle evaluates to a

2 or that at least 2 outer circles evaluate to a, which then
results in an a

2 evaluation overall (a · a = a
2, and a

2 · 1 = a
2 · a = a

2 · a2).

Conjecture 12. For M = {1, a, a2 : a3 = 1} and any map ! with !(1) 6= 1, Dn
M,! ! Uniform(M).

Likewise, we may adjust the above monoid M by replacing the condition that a3 = a
2 by a

3 = 1, thereby
allowing for better mixing within the monoid M = {1, a, a2 : a3 = 1}. In this case, we observed that for
any map !, Dn

M,! ! Uniform(M) as n ! 1. Heuristically, this may be explained by the good mixing
properties and group structure of the monoid, allowing all elements to be reached “equally often.”

Conjecture 13. For M = {1, a, a2, a3 : a4 = a} and any map ! with !(1) 6= 1, Dn
M,! ! Uniform(S) where

S = {a, a2, a3} is a subgroup of M .

As we examine the structure of monoid M = {1, a, a2, a3 : a4 = a}, we see that as n ! 1, at least one
outer circle evaluates to a with high probability, so the entire evaluation will belong to S (as a · b 2 S for
any b = a

l 2 M). Intuitively, we may attribute the uniformity of the observed limiting distribution to the
good mixing properties of M on subgroup S. In fact, we generalize Conjecture 13 as follows:

Conjecture 14. Fix any m 2 N. For M = {1, a, a2, a3, ..., am : am+1 = a
k for some 0  k  m} and any

map ! with !(1) 6= 1, Dn
M,! ! Uniform(S) where S = {ak, ..., am} is a subgroup of M .

For similar reasons as above, we see that the property a
m+1 = a

k for some 0  k  m ensures that if
at least one outer circle evaluates to a

k, then the entire evaluation will be inside of subgroup {ak, ..., am}.
With high probability, at least one outer circle will evaluate to a

k as n ! 1.

Conjecture 15. For M = {1, a, b : ab = ba = b, a
2 = a, b

2 = b} and any map ! with !(1) 6= 1, Dn
M,! !8

<

:

b w.p. 1
a w.p. 0
1 w.p. 0

.

Here, we see that as n ! 1, at least one outer circle will evaluate to b with high probability. Furthermore,
note that b ·d = b for any element d 2 M . So, the evaluation gets “trapped” on b with high probability, thus
explaining the observed convergence.

Conjecture 16. For M = {1, a, a2, b : a3 = a, b
2 = b, ab = a} and any map ! with !(1) 6= 1, Dn

M,! !
Uniform(S) where S = {a, a2} is a subgroup of M .

Notice that in this case, any element c multiplied by a yields a result in {a, a2}, as a · b = a, a · a = a
2,

and a · a2 = a
3 = a. Moreover, we see that at least one outer circle will evaluate to a with high probability

as n ! 1, so the overall evaluation will be in {a, a2} with high probability as well.
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4.2 Algorithm for Planar Diagram Multiplication

It’s important to note that the results and conjectures stated above were generated using a computer sim-
ulation in Python (linked here: https://github.com/eg314159/TL_distribution). In this section, we
highlight some of the key ideas going into our planar diagram multiplication algorithm.

On first glance, one might assume that our simulation must compute x̄1 · x2 for every pair x1, x2 2 TLn

for a fixed n 2 N. However, it is not computationally feasible to simply compute all possible products of
pairs of elements of TLn for n 2 N, as we have shown that |TLn| = 1

n+1

�2n
n

�
= ⇥( 22np

n(n+1)
) by Sterling’s

approximation, and is thus this would be very computationally intensive. In attempt to reduce running time
and capture the behavior of the limiting distribution, we chose to implement a simulation wherein for various
n  B for some large enough B 2 N, a subset of N distinct elements S is selected uniformly at random from
TLn, and for every x1, x2 2 S, we compute the diagrammatic product x̄1 · x2 and record the corresponding
evaluation under a chosen pair (M,!).

Now, how do we implement a diagrammatic product x̄1 · x2? We proceed as follows:

1. Label 2n endpoints by integers 1, 2, ..., 2n.

2. Store the arcs (i, j) of x1 in a bidirectional dictionary upper-arcs, (by recording a key-value mapping
between i and j), and store the arcs of x2 in another bidirectional dictionary lower-arcs (recording the
arc as before). Note that this naming is suggestive of the way in which we multiply diagrams with 2n
endpoints on the real line, as we flip the arcs of x1 and stack x̄1 on top of x2, following arcs as needed
to simplify into a diagram of nested circles.

3. Define an array unexplored = {1, 2, ..., 2n} of vertices that have not yet been visited by the algorithm.

4. Now, beginning from the smallest unexplored vertex vs, we use dictionaries upper-arcs and lower-arcs
(in alternating order, as an upper arc is always followed by a lower arc and vice versa) to follow the
arcs from vs until vs is encountered again: vs ! vi1 ! vi2 ! ... ! vik ! vs. Note that such a loop will
always be found if x1 and x2 are well-defined crossingless-matchings in TLn. Once vs is encountered,
we record the vertices which were visited, remove them from our array unvisited, and record that a
circle was found passing through vertices vi1 , ..., vik , vs.
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5. Repeat step 3, beginning with the next smallest unvisited vertex and traversing the arcs as before.
Each time a circle is found, record the nesting with respect to other circles which have already been
detected—this can be done easily by comparing the smallest and largest vertices of the current circle
with the smallest and largest vertices of the previous circle which was detected.

6. Finally, once all vertices have been visited, we recursively reconstruct the nesting of detected circles.
This yields the resulting closed diagram corresponding to the product x̄1 · x2, as desired.

By applying the above procedure, we compute all closed diagrams corresponding to pairwise products
from our random sample S of TLn. Having obtained these product diagrams, we recursively evaluate the
closed diagrams with respect to (M,!).

Observation 17. For any fixed x1, x2 2 TLn, the above algorithm computes the diagrammatic product (and
simplified circle-nesting configuration) in O(n) time.

In particular, the multiplication procedure only examines each vertex once, and for each vertex it performs
one look-up operation in the appropriate dictionary upper-arcs or lower-arcs. Thus, it’s clear that the
algorithm for multiplying x̄1 · x2 (for just one fixed pair) runs in linear-time.

4.3 Open problems and questions

In the future, we are interested in investigating di↵erent (M,!) pairs as well as the associated limiting
distributions DM,! (if they exist). While this work proposes conjectured limiting distributions with strong
evidence from computer simulations, we do not provide rigorous proofs of the observed convergences – this
would also be an important avenue for future research in this area. Moreover, as proposed in Conjectures 14
and 15, we have found strong evidence that for any (M,!) pair, Dn

M,! ! Uniform(S), where S ⇢ M is a
subgroup determined by properties of M and !. The inclusion S ⇢ M is, in general, not unital, taking the
unit element of S to an idempotent in M . Motivated by this, we pose the question (for future study):

Question 18. Are there examples (M,!) such that DM,! 6= Uniform(S) for a suitable subgroup S ⇢ M?

Based on our experiments, it seems that the answer is no, but we are interested in exploring this question
more formally in our future work. Lastly, we pivot from considering closed diagrams evaluated via (M,!)
pairs. Fix n 2 N, and consider all possible closed diagrams produced by multiplying x̄1 ·x2 for x1, x2 2 TLn.
Let Bn be the probability distribution for the number of outer circles over all elements generated through
pairwise multiplication x̄1 ·x2. Normalize Bn to the function Bn(x) =

p
nBn(

p
nx). This function is nonzero

only at points 1p
n
,

2p
n
, . . . ,

np
n
and the sum of its values at these points is

p
n.

Question 19. Does the sequence of functions Bn converge to some continuous limiting distribution B as
n ! 1?

5 Summary

Through this paper, we provide an introduction to crossingless matchings and the Temperley-Lieb algebra.
We begin by defining operations on crossingless matchings, and we provide a little-known proof that the
number of crossingless matchings on 2n points is precisely the nth Catalan number 1

n+1

�2n
n

�
. Next, we define

both the linear and set-theoretic Temperley-Lieb categories C and CS , and we build a functor F : CS ! CM,!

wherein closed loops are evaluated recursively via (M,!). After describing properties of both categories, for
fixed pairs (M,!), we move to consider the limiting distribution DM,! of distributions Dn

M,! on evaluations
{t 2 M : x̄1 · x2 = t for some x1, x2 2 TLn}. To investigate these limiting distributions, we devise a linear-
time algorithm for TLn multiplication by exploiting properties of crossingless matchings. Due to abundant
evidence from computer simulations, we conjecture that for any m 2 N, a monoid M = {1, a, ..., am : am+1 =
a
k for some 0  k  m}, and map ! such that !(1) 6= 1, we have that Dn

M,! ! DM,! = Uniform(S) where

S = {ak, ..., am} is the largest subgroup of M . In the future, we hope to study a more general version of this
conjecture; in particular, for any finite commutative monoid M and any map of sets ! : M ! M such that
!(1) 6= 1, does Dn

M,! ! DM,! = Uniform(S) for some subgroup S ⇢ M?

15



6 Acknowledgement

I am immensely grateful to Professor Khovanov for his endless support in every step of this process and for
his faith in my growth as a student of mathematics. Since my time as his student in Modern Algebra II, I
have been continually inspired by his palpable love for the subject, and I hope that one day I will be able to
share my love for math with others as he did with me.

References

[1] Jordan Fassler. “Braids, the Artin Group, and the Jones Polynomial”. In: (2005).

[2] Robert Laugwitz Mikhail Khovanov. “Planar diagrammatics of self-adjoint functors and recognizable
tree series”. In: (2021). arXiv: 2104.01417.

[3] Anne Moore. “Representations of the Temperley-Lieb Algebra”. In: (2008).

7 Appendix

In the next few pages, we provide results generated by computer simulations for various pairs (M,!).
Note that in the left-most column, we provide the monoids which we study in bold, and underneath any
given monoid M , we list maps ! for which we ran simulations (each pair (M,!) was simulated for n =
5, 10, 15, ..., 40 in order to get a sense for the limiting distribution as n ! 1). Based on this data for
increasing values of n, our conjectured limiting distributions for pairs (M,!) are listed in the right-most
column of each table. Additionally, when writing down the mapping of elements for any !, we write a1 : a2 to
represent that !(a1) = a2. In each entry, we list the probability that a closed diagram D (chosen uniformly at
random) evaluates to each element in M (these probabilities are listed in the format “element : probability”).
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